ON THE EULER NUMBERS AND ITS APPLICATIONS 



Taekyun Kim 

Abstract. Recently, the g-Euler numbers and polynomials are constructed in [T. Kim, 
The modified g-Euler numbers and polynomials, Advanced Studies in Contemporary 
Mathematics, 16(2008), 161-170]. These g-Euler numbers and polynomials contain the 
interesting properties. In this paper we prove Von-Staudt Clausen's type theorem re- 
lated to the q-Euler numbers. That is, we prove that the q-Euler numbers are p-adic 
integers. Finally, we give the proof of Kummer type congruences for the q-Euler num- 
bers. 



§1. Introduction/Definition 

Let p be a fixed odd prime. Throughout this paper Z p , Q p , C, and C p will, 
respectively, denote the ring of p-adic rational integers, the field of p-adic rational 
numbers, the complex number field, and the completion of algebraic closure of Q p . 
Let v p be the normalized exponential valuation of C p with \p\ p = p~ y p^ = -. When 
one talks of (/-extension, q is variously considered as an indeterminate, a complex 

q £ C, or a p-adic number q £ C p , see [9-22]. If q £ C, then we assume \q\ < 1. If 

i 

q £ C p , then we assume |1 — q\ p < p p- 1 . The ordinary Euler numbers are defined as 

I _ eEt ^ 1 



e* + 1 ^— ' n\ 

n=0 



where we use the technique method notation by replacing E n by E n (n > 0), sym- 
bolically (see [1-23]). From this definition, we can derive the following relation. 



Eq = 1, and (E + l) n + E n = 25o,n, where 5o, n is Kronecker symbol. 

^,and [x]- q = ^ 



For x £ Qp ( or R), we use the notation [x] q = , and [x]- q = 1 , see [5-6]. 



In [5], the g-Euler numbers are defined as 
(1) E , q = % and (qE + l) n + E n , q = [2} q 5 , 7 
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with the usual convention of replacing E n by E nA . Note that \im. q ^i E n ^ q = E n . For 
a fixed positive integer d with (p, d) = 1, let 



X = X d = hmZ/dp iV Z, Xi = Z 



7V 



0<a<dp 
(a,p)=l 

a + dp Nr L p = {x G X | x = a (mod dp"^)}, 

where a G Z lies in < a < dp^, (see [4-23]). We say that / is a uniformly differ- 
entiable function at a point a G Z p and denote this property by / G UD(Z P ), if the 

difference quotients Ff(x,y) = have a limit / = f'(a) as (x,y) — > (a, a). 

For / G UD(Z p ), let us start with the expression 

T^r E ^/0')= E /O-KO' + p^Zp), 

representing a (/-analogue of Riemann sums for /, see [5, 6]. The integral of / on 
Z p will be defined as limit (n — > oo) of those sums, when it exists. The (/-deformed 
bosonic p-adic integral of the function / G UD(Z p ) is defined by 



(2) 



I q (f) = I f(x)dfi q (x) = lirn^ — L- / 0*0^, see [5]. 

In the sense of fermionic, let us define the fermionic p-adic (/-integral as 



(3) !_,(/) = f f(x)d^ q (x) = lirn^ J-m— E /(*)(-«)*. see t 5 " 10 ] 
From (3) we note that 

(4) (A) + = [2] g /(0), where h{x) = f(x + 1). 
In [5], the Witt's type formula for the (/-Euler numbers E n ^ q id given by 

(5) E / [x] n q Q- x dfi- q (x)-= / e^V^C*) = J>, 



it: /y it: 

n=0 ^p ^p n=0 

By comparing the coefficients on both sides in (5), we see that 
(6) / [x] n q q~ x dii- q {x) = E n>q , see [5]. 



By the definition of the fermionic p-adic (/-integral on Z p , the g-Euler polynomials are 
also defined as 

r r 00 j-n 

(7) / e^«*g- y d/*- 9 (y) = / e«"M'*«T y d/*- fl (y) = V E n , q (x) 1 -. 



From (6) and (7), we note that 

'n\ n(n — 1) • • • (n — k + 1) 

A;=0 

Let x) be the generating function of the g-Euler polynomials. Then we have 



(8) E n , q (x) = (?) [x\ n q -\ k E k ^ where 



(9) ^(f,*) = 5> n , fl (x)^ = [^E(- 1 )" eM? - 

n=0 ' k=0 

Let x be the Dirichlet's character with odd conductor d G N. Then the generalized 
g-Euler numbers attached to x are defined as 

(10) E m = [ [x] n q q-* X (x)d^ q (x) = [d] n q ^-J2x(a)(-l) a E n , q A 

JX Wq* a=Q d 

Let F Xtq (t) = E^=o E n,x,q7Z- Then we note that 

00 , n 00 

(11) ^,«(*) = Y, E ^- { = [2] 4 Ex(")(- 1 ) ne[Bl,t - 

n=0 ' n=0 

In this paper we prove the Von-Staudt-Clausen's type theorem related to the g-Euler 
numbers. That is, we prove that the g-Euler numbers are the p-adic integers. Finally, 
we give the proofs of the Kummer congruences for the g-Euler numbers. 

§2. g-Euler numbers and polynomials 

From (l)and (6) we derive 

E n , q = f q- x [x] n q d^ q {x) = !|i / [x^d^ix). 

Thus, we note that lim n ^ 00 E Ujq = E n = J z x n d\i-\. For q e C p with |1 — q\ p < 
p p- 1 , we have 

(-i)'" 0< - i(-i) j = (-1)' ( ELo - A = (-iy ± Q (, - 1)'- 1 . 



Thus, we see that 



(12) 



K-WU ~j)\ p < max. (\(q - 1) I'" 1 ) = \q~ M P - 



From (12), we can derive 



(13) 



3=0 



E(-i) j ([j],-j) + E(-i) j j 

3=0 j=0 



p-1 

3=0 



p — 1 



< 1. 



For k > 1, let 



(14) 



P fc -i 



r»(*0 = E (-^K = [o]? - w« + • • • + [p fc - 1]: 



x=0 



Note that lini/^oo T n (fc) = j^-E njQ . From (14), we can derive 
(15) 

P k+1 -i P k -i P -i 

T n (k+i)= e (-iffl^EE^^K- 1 )^ 

x=0 i=0 j=0 



P -lp-1 p -_L^-_L ■„ , s 

= E E (w« +9 < ^w n (-i) i+ipfc = E EE (")wr , 9 ii ^]i(-i) i+ipfc 

i=0 j=0 i=0 j=0 1=0 ^ ' 

p fe -lp-l n , x 

= EEE(")wrv"btbi^(-i)^ 

i— n n ;— n V / 



i=0 j=0 z=o 

p fe -l 



E [«(-!)' +E EE UjwrV'btbi^. 

i=0 i=0 j=0 1=1 ^ ' 



Thus, we have 



(16) 



P fe -i 

T n (k+1)= EW^" 1 )^ mod[p fc ] g ). 

i=0 



From (15) we note that 
(17) 

P fc+1 -i 

E K(-ir = EE^'+ «-i) i+ip 

x=0 j=0 i=0 

p-1 p k -l 



p— J. y — ± / \ 

= E(- 1 ) , 'E(- 1 )T JpirV'H* 

j=0 i=0 Z=0 ^ ' 

p— 1 p— 1 p fe — 1 n ✓ n 

Et- 1 w + E(- 1 ) J E E ( j birV'KH 

7 = 7=0 i=0 1 = 1 ^ ' 



J 

p-1 



J=0 



By (17), we obtain 



P k+1 -i p-i 

(is) E (-^K = Et- 1 W ( mod w« ) • 

x=0 j=0 

From (16) and (19), we can also derive 

(19) E(-1W = W- [ [xT q q- x d^- q {x) = ^-E n , q ( mod \p] q ) 



Thus, we note that 



p-i 2 

(20) £(-!)'' W = wT^ ( mod W«) 

j=o ^ 



Therefore we obtain the following theorem. 
Theorem 1. For n > 0, we have 

E(-i) j [j]^t|-^( mod[ P y 

j=o ^« 



By (15), (16) and (20), we obtain the following corollary. 
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Corollary 2. For n > 0, we have 



p-i 



[2], 



■s», fl +E(- 1 ) i+1 ^ GZ p- 

J=0 



For n > 0, we note that 



[2], 



-E, 



n,q 



p-1 



p-1 



^^-Et-^W+Et-W 



< max 



[2], 



-^-Ec-i)^]! 

J=0 



By (13) and Corollary 2, we obtain the following corollary. 
Corollary 3. For n > 0, we have 

2 



~E n ,q ^ ^p- 



Let x be the Dirichlet's character with odd conductor d(E N). Then the generalized 
g-Euler numbers attached to x as follows. 

oo , n oo „ 

( 21 ) E S ».x,^ = [2], E x(»)(-l) n e InM = / x(x)eW,^-^_ g ( x) . 

n=0 ' n=0 ^ X 

We denote J = [d, p] the least common multiple of the conductor d of x and p. From 
(21), we derive 



d P N -i 



(22) 



-F r , 



[2], [2] 9 



/ [xfiq x x{x)dn- q {x) = lim E i x ]qX(x)(-l) 

I v AT— >oo z — * 



By (22), we see that 
2 



tip 



p-i 



E n , x , q = lim E x(*)(-i)*K+ E x(p)x(y)\p] n q [y] n A- 1 ) 



p— >oo 



l<X<dp" 

(x,p)=l 



p— >oo 



dp 



p-i 



= lim E X(*)(-1) X K + X(P)[P]? lim E x(y)W(-l) W - 

p — >oo ' » ^ — too ' « 



l<x<dp p 
(x,p) = l 



p^oo 



y=l 



Thus, we have 

(23) jlrEn, x , q -x(p)\p} n q j^- p E n , x , qP = hm £ X (x)(-l) x [x]^ 

[ iq [ iq " l<x<dp p 

(x,p) = l 



Let w denote the Teichmiiller character mod p. For x G X*, we set < x >=< x : 
q >= Note that | < x > — l\ p < p~p^, where < x > s = exp(slog p < x >) for 

s G Z p . For s G Z p , we define the p-adic g-L-function related to E UjXjq as follows. 



(24) ^ Pl «,s(s, X) = I™ V x(z)(-l) x < x >~ s . 

l<x<dp p 
(x,p) = l 

For /c > 0, we have 

L PiqiE (-k, X w k )= lim ^ X (^)(-l) x Mj 

l<x<dp" 
{x,p)=l 

= rl- / Njx(^)9" X ^- g (^) - rj- / [x]Jx(^)9" X ^- 

(25) L 2 J<? L4« p ipx 



x]Jx(x)g x ^_ g (a:) - x (p)[p]*— — / [x]« P x{x)q px d/j- qP (x) 



X 



[2] 9 Jx q q [2] 9 P 

2 2 

It is easy to see that < x > p ™= 1 ( mod p n ). From the definition of L P:(1:E (s, x), 
we can derive 



L p , q , E {-Kx)= lim 5" x(x)(-l) x < x > fc 



l<x<dp p 

(x,p)=l 

= lim x{x){-\) x <x> k ' ( mod p n ), 

p^oo — 

l<x<dp p 
(x,p) = l 

whenever k = k' ( mod p n (p - 1) ). That is, L p , q , E (-k,xw k ) = L p ^ E {-k' , x«/) ( 
mod p n ). 

Therefore we obtain the following theorem. 
Theorem 4. (Kummer Congruence ) For k = k' ( mod p n (p — 1)) , we /iaue 

2 2 2 2 

^fc,x,g _ ToT - -^.x^" = T^T E k',x,q ~ T^ E k',x,q p ( mod P*)- 



[2], ™ [2] gP K ' x ^" [2], [2] qP 
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Let x be the primitive Dirichlet's character with conductor p. Then we have 



P N+1 -i p-i P N -i 



x(x)(-iy[xr q = j2 E x(a+^)(-i) a+ *>+H; 

x=0 a=0 x=0 

p-1 P N ~1 

= E^)(- 1 ) a E +?>u*w n 

a=0 x=0 

p-1 p -1 n / \ 

= Ex(«)(- 1 ) fl E(- 1 ) l E JK'^WW 

a=0 x=0 2=0 ^ ' 



p-1 

^X(a)(-l) a [a]"( rnodb],)- 

a=0 



If p — > oo, then we have 

p-i 

X(x)(-l) x [x]lq-*dp- q (x) = J2x(a)(-l) a [a^ ( mod [p] q ). 



[2] 



a=0 



Thus, we can obtain the following. Let \ be the primitive Dirichlet's character with 
conductor p. Then we have 

2 P_1 

(26) T^n.x,, = E^X-^K ( m ° d Wfl ) • 

The Eq.(26) also seems to be the new interesting formula. As q — > 1, we can also 
obtain 

p-i 

£n,x = Ex(a)(-l) a a n ( mod ?)- 

a=0 
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